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Testing modified theories of gravity with direct observations of the parameters of a neutron star
is not the optimal way of testing gravitational theories. However, observing electromagnetic signals
originating from the close vicinity of the compact object my turn out an excellent way of probing
spacetime in strong field regime. A promising candidate for doing so are the so-called quasi-periodic
oscillations, observed in the X-ray light curves of some pulsars. Although the origin of those oscilla-
tions is unknown, one thing most of the models describing them have in common is that in one way
or another they incorporate the radius of the innermost stable circular obit, and the orbital and the
epicyclic frequencies of particles moving around the compact object. In this paper we study the afore-
mentioned quantities in the context of massive scalar-tensor theory and massive scalar-tensor theory
with self-interaction, both of which in strong regime allow for significant deviations from General
relativity for values for the free parameters of the theory in correlation with the observations.
PACS numbers:
I. INTRODUCTION
Ones of the simplest and well-motivated modified theories of gravity are scalar-tensor theories (STTs) of gravity,
in which gravity is mediated by the spacetime metric tensor and a dynamical scalar field. In the past decades
the massless STT with coupling function of the form α = βϕ (where ϕ is the scalar field and β is free parameter)
was among the most popular ones. This theory gained its popularity due to the fact that in weak field regime
its predictions coincide with GR but in strong field regime significant deviations could be observed. However,
in the recent years astrophysical observations of binary pulsars set tight constraints on the allowed values for the
free parameter β in the theory, which made it more ot less indistinguishable from GR. Recently it was shown in
[1–3] that this can be overcome if a potential with a massive term is added to the Lagrangian of the theory. The
massive term significantly increases the interval of the allowed values for the parameter β and in the same time
observational constraints on the mass of the field can be set as well. In those papers the authors showed that the
presence of the mass term suppresses the spontaneous scalarization, but still significant deviations from GR can be
observed for values of the parameters in agreement with the observations. Recently those studies were extended in
[4, 5] by adding a self-interaction quartic therm in the potential. However, there are no observational constraints on
the self-interaction constant. The presence of the self-interaction term in the potential additionally suppresses the
scalarization of the neutron star models, but in this case as well significant deviations from GR can be observed for
values for the parameters in correlation with observations.
The recent detection of gravitational waves [6], even more the neutron star – neutrons star merger [7] with its
multi-messenger detection made even more important the proper study of modified theories in both gravitational
wave and in the electromagnetic spectrum. One important, but still unexplained phenomena in the electromagnetic
spectrum are the so-called quasi-periodic oscillations (QPO) observed in the X-ray light curves of some pulsars. The
QPOs are Hz to kHz oscillations in the X-ray flux of compact object (neutrons stars and black hole candidates). The
kHz QPOs are supposed to originate from the inner edge of the accretion disk, which means that they may turn out
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2to be excellent probes for the strong field regime in the vicinity of the compact objects.
A good estimate how close to the star the source of the signal can be is the so-called innermost stable circular
orbit (ISCO). The ISCO orbit in many models is supposed to be the inner edge of the accretion disc. On the other
hand, ISCO may turn out to be important for the compact object mergers due to the fact that after ISCO the two
bodies should start falling rapidly to each other. The QPO origin is unknown and differentmodels based on different
mechanism explaining themwith variable success – one can see [8] for comprehensive review. In one way or another
most QPO models incorporate the orbital frequency, and the orbital and the epicyclic frequency of a particle on a
circular orbit. In general there are two main classes of models based on the different mechanisms behind the QPOs.
The first one is based on orbital and epicyclic motion of matter around the central object (for example [9–17]), and
the second one is based on oscillations and instabilities in an accretion disc around the compact object (for example
[18–22]).
This paper is structured as follow. In section II we present the mathematical basics. In the first part of that section
we preset the field equations for constructing the neutron star model and the background solution in general. In the
second part of section II we present the general scheme for deriving the orbital on the epicyclic frequencies of particle
on circular orbit in stationary and axisymmetric spacetime, as well as the conditions for finding the ISCO orbit. In
section III we present and discuss the numerical results for massive scalar-tenros theory and massive scalar-tensor
theory with self-interaction. The paper ends with a Conclusion.
II. BASIC EQUATIONS
A. The background solution
For simplicity, the mathematical part of this paper is in the more convenient Einstein frame, but all presented
results in the following section are in the physical Jordan frame. The Einstein frame STT action is
S =
1
16piG
∫
d4x
√
−g∗
[
R∗ − 2g
µν
∗ ∂µ ϕ∂ν ϕ−V(ϕ)
]
+ Smatter(A
2(ϕ)g∗µν, χ), (1)
where R∗ is the Ricci scalar curvature with respect to the Einstein frame metric g
∗
µν. In Einstein frame, the scalar-
tensor theories are specified by the function A(ϕ), which gives the conformal transformation of the metric between
both frames, and the scalar-field potentialV(ϕ). In the present paper we will extend the study in [3, 4], and therefore
adopt the conformal factor and the potential used in those papers, namely
A(ϕ) = e
1
2 βϕ
2
(2)
and
V(ϕ) = 2m2ϕϕ
2 + λϕ4. (3)
This potential is the simplest one with forth order self-interaction term. The first term in the potential V(ϕ) is the
standard massive term, considered in previous studies of massive STT [1–3, 23] while the second term describes
self-interaction of the scalar field [4, 5].
The Jordan and the Einstein frame metrics, gµν and g
∗
µν, are connected via conformal transformation gµν =
A2(ϕ)g∗µν and the gravitational scalar respectively by Φ = A
−2(ϕ). The energy-momentum tensor transforma-
tion between both frames is given by the relation T∗µν = A
2(ϕ)Tµν, where T∗µν and Tµν are the Einstein and the Jordan
frame ones, respectively. For a perfect fluid, as it is modeled to constitute the interior of the star, the relations between
the energy density and pressure in both frames are given by ρ∗ = A4(ϕ)ρ and p∗ = A4(ϕ)p.
In this paper we are using slow rotation approximation in first order in the angular velocity Ω, i.e. keeping only
first order terms. This approximation is suitable for the purpose of this paper, because it allow us to study with good
accuracy models rotting with frequency up to about f = 160 Hz, which covers the majority of the observed pulsars.
In addition we consider stationary and axisymmetric spacetime as well as stationary and axisymmetric scalar field
and fluid configurations. The Einstein frame spacetime metric in this case has the form [24]
3ds2∗ = −e
2φ(r)dt2 + e2Λ(r)dr2 + r2(dθ2 + sin2 θdϑ2)− 2ω(r, θ)r2 sin2 θdϑdt. (4)
This is possible, because the metric function ω is in linear order of Ω, but the rotational corrections to other metric
functions, the scalar field, the fluid energy density and pressure are of orderO(Ω2).
The slow rotation approximation dimensionally reduced Einstein frame field equations, derived from the action
(1) are the following
1
r2
d
dr
[
r(1− e−2Λ)
]
= 8piGA4(ϕ)ρ + e−2Λ
(
dϕ
dr
)2
+
1
2
V(ϕ),
2
r
e−2Λ
dφ
dr
−
1
r2
(1− e−2Λ) = 8piGA4(ϕ)p+ e−2Λ
(
dϕ
dr
)2
−
1
2
V(ϕ),
d2ϕ
dr2
+
(
dφ
dr
−
dΛ
dr
+
2
r
)
dϕ
dr
= 4piGα(ϕ)A4(ϕ)(ρ− 3p)e2Λ +
1
4
dV(ϕ)
dϕ
e2Λ, (5)
dp
dr
= −(ρ + p)
(
dφ
dr
+ α(ϕ)
dϕ
dr
)
,
eΦ−Λ
r4
∂r
[
e−(Φ+Λ)r4∂rω¯
]
+
1
r2 sin3 θ
∂θ
[
sin3 θ∂θω¯
]
= 16piGA4(ϕ)(ρ + p)ω¯,
where the function ω¯ is defined as ω¯ = Ω−ω, and the coupling function α(ϕ) is defined by α(ϕ) = d lnA(ϕ)dϕ .
The above system of equations (5), supplemented with the equation of state for the the stellar matter and the
appropriate boundary conditions, describes the interior and the exterior of the neutron star, and it is used for deriving
the background solutions used in this study. The exterior space-time of the neutron star is described by the system
(5), by setting ρ = p = 0.
At the center of the star we have the natural boundary conditions - ρ(0) = ρc,Λ(0) = 0, and
dϕ
dr (0) = 0, where
ρc is the constant central density. From the requirement for asymptotic flatness, at infinity we have limr→∞ φ(r) =
0, limr→∞ ϕ(r) = 0 (see e.g. [25]). The coordinate radius rS of the star in the Einstein frame is determined by the
standard condition p(rS) = 0, and the physical radius is obtained by conformal transformation in the Jordan frame
- RS = A[ϕ(rS)]rS.
The slow rotation approximation allow us to separate the equation for ω¯ from the other equations in the system
(5) and it can be considerably simplified. The simplification procedure one can find explained in [3], and it leads to
ω¯ as function of r only, and the equation transforms into
eΦ−Λ
r4
d
dr
[
e−(Φ+Λ)r4
dω¯(r)
dr
]
= 16piGA4(ϕ)(ρ + p)ω¯(r). (6)
The natural boundary condition for ω¯ to ensure its regularity at the center of the star is dω¯dr (0) = 0, and at infinity
limr→∞ ω¯ = Ω.
For the numerical computations and in the presentation of the results in the next section we are using dimension-
ally reduced parameters mϕ → mϕR0 and λ → λR
2
0, where R0 = 1.47664 km is one half of the solar gravitational
radius.
B. ISCO, orbital and epicyclic frequencies
We continue our discussion with brief presentation of the basic steps in the derivation of the equations for the
radius of the innermost stable circular orbit (ISCO), the equations for the radial and for the vertical epicyclic fre-
quencies and for the orbital frequency [16, 26–28]. The equations describing stable neutron star models used as a
background solution were discussed in the first part of this section, and they are thoroughly studied in [4].
We are considering the most general form for a stationary and axisymmetric spacetime metric in the Jordan frame
4ds2 = gttdt
2 + grrdr
2 + gθθdθ
2 + 2gtϑdtdϑ + gϑϑdϑ
2, (7)
where all the metric functions depend only on the coordinates r and θ.
Massive particles in gravitational field only move on timelike geodesics of the Jordan frame metric (7). The sta-
tionary and axial Killing symmetries of metric, generated by the Killing vectors ∂∂t and
∂
∂ϑ , give rise to two constants
of motion, namely E = −ut which corresponds to the energy per unit mass and L = uϑ which corresponds to the
angular momentum per unit mass. uµ = x˙µ = dxµ/dτ is the four-velocity of the particle. One can show without any
difficulty that the conservation laws can be rewritten in the form
dt
dτ =
Egϑϑ+Lgtϑ
g2 , (8)
dϑ
dτ = −
Egtϑ+Lgtt
g2 , (9)
where g2 = g2tϑ − gttgϑϑ is defined for simplicity. The normalization condition g
µνuµuν = −1 for the four-velocity
give us
grrr˙
2 + gθθ θ˙
2 + E2U(r, θ) = −1, (10)
where we have defined
U(r, θ) =
gϑϑ + 2lgtϑ + l
2gtt
g2
, (11)
and l = L/E is the proper angular momentum.
In the equatorial plane, θ = pi2 , the problem reduces to an one dimensional problem with an effective equation of
motion
r˙2 = V(r), (12)
and effective potential
V(r) = g−1rr
[
−1− E2U(r, θ =
pi
2
)
]
. (13)
For given E and L of the particle, the stable circular orbit with a radius rc is determined by the conditions V(rc) =
0 = V
′
(rc) and V′′(rc) > 0, where with prime we denote the derivative with respect to r, and the radius of ISCO is
given by the vanishing second derivative of the potential – V′′(rc) = 0. The angular velocity Ωp of a particle moving
on a circular orbit in the equatorial plane can be found from the geodesic equation written in the form
d
dτ
(
gµν
dxν
dτ
)
=
1
2
∂µgνσ
dxν
dτ
dxσ
dτ
. (14)
For the radial coordinate this equation translates into
∂rgtt(
dt
dτ
)2 + 2∂rgtϑ
dt
dτ
dϑ
dτ
+ ∂rgϑϑ(
dϑ
dτ
)2 = 0, (15)
from which by taking into account the definition for the angular velocity Ωp =
uϑ
ut
= dϑdt we obtain
Ωp =
dϑ
dt
=
−∂rgtϑ ±
√
(∂rgtϑ)2 − ∂rgtt∂rgϑϑ
∂rgϑϑ
. (16)
5The positive sign in the above equation corresponds to prograde orbits and the negative sign to retrograde ones.
In the present work, we are considering only prograde orbits.
To derive the epicyclic frequencies one should investigate small perturbations in radial and in vertical direction of
a stable orbit. The radial and the vertical perturbations we write in the form
r(t) = rc + δr(t), θ(t) =
pi
2
+ δθ(t), (17)
where δr(t) and δθ(t) are the perturbations to the stable circular orbit with coordinate radius rc in the equatorial
plane (θ = pi/2). The perturbations could be written explicitly in the form δr(t) ∼ e2piiνrt and δθ(t) ∼ e2piiνθt. By
substituting (17) into eq. (10) one can obtain the expressions for the radial and for the vertical epicyclic frequencies:
ν2r =
(
gtt + Ωpgtϑ
)2
2 (2pi)2 grr
∂2rU
(
rc,
pi
2
)
(18)
ν2θ =
(
gtt + Ωpgtϑ
)2
2 (2pi)2 gθθ
∂2θU
(
rc,
pi
2
)
. (19)
For static neutron stars, f = 0, the orbital frequency and the vertical epicyclic frequency coincide, i.e. νθ = νp.
At ISCO the radial epicyclic frequency is equal to zero, and for smaller radius it is negative, which shows a radial
instabilities for orbits with radius smaller than ISCO.
III. NUMERICAL RESULTS
The constraints for the parameter β and for the mass of the scalar fieldmϕ and the reasoning for them have already
been thoroughly discussed in [1, 3, 4] and we will not repeat this discussion here, but will briefly present only the
constrained intervals of allowed values. For the mass of the scalar field mϕ
10−16eV . mϕ . 10
−9eV, (20)
which roughly corresponds to 10−6 . mϕ . 10 in our dimensionless units.
For sufficiently large mass of the scalar field, the interval of allowed values for the parameter β is 3 . −β . 103,
which is significantly wider compared to the massless case. As long as the self-interaction constant λ is concerned,
the only constraint that we have is that it should be positive in order for the potential to be positive, and we restrict
ourself to the values used in [4].
In this study we used two popular EOS with maximal mass in GR in correlation with the observations, the so-
called APR4 EOS [29], and the so-called SLy EOS [30], and for both the piecewise polytropic approximation is used
[31]. However, due to the qualitatively identical behavior we chose to present only the results for EOS SLy. The
reasoning for using only one EOS is the same as in [4] – the system (5) has a three parameter (β, mϕ and λ) family
of solutions, and including multiple EOS will only make the results overwhelming. As we have mentioned we are
using the slow rotation approximation. And we study three different rates of rotation – static models with f = 0
Hz, models with f = 80 Hz, and models with f = 160 Hz, where f is the rotational frequency of the star ( f = Ω2pi ).
However, due to the small effect of the rotation on the studied parameters, in most of the cases we will present only
the static case results, and the effect of the rotation will only be discussed briefly.
A. Massive scalar-tensor theory
We start our study with the simplest case of STT, and gradually extend it to the the theory which is of main interest
for us, namely the massive STT with self interaction. For better understanding of the effect of the parameters in the
latter theory in Fig. 1 and Fig. 2 we present the radius of ISCO and the orbital frequency in massless STT and in
60.5 1.0 1.5 2.0 2.5 3.0
10
15
20
25
 
 
R
IS
C
O
 [k
m
]
M(M )
 GR
  = -4.5
  = -6
  = -7
  = -8
  = -9
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
p[k
H
z]
M(M )
 GR
  = -4.5
  = -6
  = -7
  = -8
  = -9
FIG. 1: Left: The radius of ISCO as function of the mass of the models in massless STT with different values for the parameter β
(in different patterns and colours). Right: The orbital frequency as function of the mass of the models in massless STT. The same
notations as in the left panel are used.
massive STT correspondingly. Although the massive STT is a viable alternative to GR [1, 3, 4] we will discus it
shortly in order to concentrate more on the self-interacting case.
In Fig. 1 we study the massless case for different values for the parameter β. The used values for the parameter
are quite small compared to the observational constraints. We chose them in such way regardless the fact they are
ruled-out by the observation, because they give us the limiting case obtained from the massive theory for vanishing
mass of the scalar field. In the left panel we plot the radius of ISCO as function of the mass of the star (if all circular
orbits in the exterior space are stable, we plot the radius of the star). It is interesting to point out, that with the
decrease of the parameter β the mass at which ISCO appears increases significantly compared to the GR one. When
ISCO appears, for low values for β it’s radius rapidly increases for quite short interval of masses, and for big values
for β gradually increases for wider interval of masses, and then it starts to converge to the GR case. For high values
for β ISCO appears for masses lower compared to the GR one, and that mass increases significantly above the GR
one when the values for β decrease. In the right panel, we plot the orbital frequency as function of the mass (if all
circular orbits are stable, we calculate the orbital frequency at the surface of the star). It is clearly visible at which
point ISCO appears - there is a sharp edge in the graph, and after it, the frequency rapidly decreases.
In Fig. 2 we study ISCO and the orbital frequency for the smallest value for the parameter β we are using in this
study, and some values for the mass of the scalar field. One can see that for high mass of the field, ISCO appears for
low mass stars, and it allows for quite significant deviations from GR (both in ISCO and in the orbital frequency) for
the same interval of masses. For the presented in the figure values for the parameters, the radius of ISCO increases
with more than 60%, compared to GR, and the orbital frequency decreases with more than 40% compared to GR.
We find these models very interesting because they give us significant deviations between modes with ISCO in both
theories for the same mass interval (as in GR). This is not the case for the massless case or the massive case with low
values for β and low mass of the field.
B. Massive scalar-tensor theory with self-interaction
In this section we extend our study to the case we are most interested in – the massive STT with self-interaction.
We will concentrate on two values for the parameter β and different values for the mass of the field and for the
self-interaction constant.
In Fig. 3 we plot the radius of ISCO as function of the mass of the star. In the left panel we plot models with
β = −6, and in the right – β = −10. As expected, the deviations in the left panel are quite smaller (less than 6%), and
in the right panel, due to the higher value for β, the deviations are more significant (up to 40%). As one can expect
knowing the results in [4], with the increase of the mass of the field, the self-interaction constant, or both, the results
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FIG. 2: Left: The radius of ISCO as function of the mass of the models in massive STT with different values for β = −10 and
different values for the mass of the field mϕ (in different patterns and colours). Right: The orbital frequency as function of the
mass of the models in massive STT. The values for the parameters and the notations are the same as in the left panel.
converge to the GR ones. However, it is very interesting to point out that in the right panel (β = −10) the results
does not look like the deviation behave monotonically with the parameters – for higher values of the mass of the
field one observes higher deviations from GR compared to models with lower values for the mass of the field. As it
appears, this can be explained by the fact that for the higher mass of the field, ISCO appears for models with lower
mass compared to the low scalar field mass case.
In Fig. 4 we plot the orbital frequency as function of the mass of the models. Models at which ISCO appears are
distinguishable from the rest by the sharp edge on the graphs. In both panels one can see that for all combinations
of parameters (no matter if they give small or high deviation from GR) if all orbits in the exterior are stable, hence
the orbital frequency is calculated at the surface of the star, the frequency is higher, compared to the GR one. For
models, for which ISCO exists, however, the frequency is always lower, compared to the GR one. As one can expect
by the results for ISCO, for beta β = −6 the frequency increases with the increase of the mass of the filed, as well
as with the increase of the coupling constant λ. The maximal deviation is about 4% in this case. For β = −10 the
models with higher mass of the field show higher deviation (up to about 35 %) than the models with low mass of
the field. In this case as well the results converge to GR with the increase of λ.
In Fig. 5 we continue our study with the maximal radial frequency. If the radial frequency does not have a
maximum outside of the star, we plot the frequency at it’s surface. In this case as well the frequency is always lower
compared to the GR one (with maximal deviations about 10% for β = −6 and 50% forβ = −10). One can see that
this quantity shows the already discussed behavior with the mass of the field.
In Fig. 6 we plot the nodal precession frequency as a function of the mass of the models for two different values of
parameters β and different combinations between the mass of the scalar field mϕ and the self-interaction constant λ.
If all circular orbits are stable, we calculate the frequency at the surface of the star, and in the other case - on ISCO.
Both regimes are clearly distinguishable by the sharp edge in the graphs. Due to the fact that the nodal precession
frequency is given by the difference between the orbital frequency and the vertical epicyclic one (νn = νp− νθ), which
coincide in the static case, in this figure we plot the highest rate of rotation we studied (which is the in the upper
boundary of frequencies for which the slow rotation approximation is accurate enough) – f = 160Hz. In both panels
one can see that if νn is calculated on the surface of the star, the highest frequency is in GR and all STT cases have
lower frequencies. Contrary, if the nodal precession frequency is calculated at ISCO, the GR ones is the lowest and
all STT cases have higher frequencies. In the right panel (for β = −10), one can see the non-monotonic behavior of
the deviation from GR with the parameters in the theory, which we have already discussed for the previous figures.
The deviation in the left panel are below 2%, and in the right below 10%.
We have already mentioned that we are using the slow rotation approximation, which works quite accurately for
rotational frequencies typical for the most of the observed pulsars. However, except for the last figure, we presented
only the results for the static models in this paper. The reason for this is the small effect the rotation has on the results.
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FIG. 3: The radius of ISCO as function of the mass of the models in massive STT with self-interaction for different combinations
of the mass of the field mϕ and the self-interaction parameter λ (in different patterns and colours). Left: β = −6 and right:
β = −10.
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FIG. 4: The orbital frequency as function of the mass of the models in massive STT with self-interaction for different combinations
of the mass of the field mϕ and the self-interaction parameter λ (in different patterns and colours). Left: β = −6 and right:
β = −10.
In the results for the radius of the ISCO, for example, the rotation with frequency f = 160 Hz leads to shrinking of
the radius of the orbit with only about 4%. The deviations in the rest of the studied quantities are from the same
magnitude. This makes us to believe that in the context of the EOS uncertainty and the three free parameters in the
theory the static case is a good enough approximation, even if one study slowly rotating models.
IV. CONCLUSION
In this paper we studied the radius of ISCO, the orbital and the epicyclic frequency of particle moving on a circular
orbit around neutron stars in massive scalar-tensor theory and in massive scalar-tensor theory with self-interaction.
We found that the radius of ISCO in both theories is always bigger than the corresponding one in GR, and the orbital
and the epicyclic frequencies are always lower compared to the GR ones. For the examined set of parameters we
found the maximal deviation for ISCO in STT with self-interaction to be about 40%. The maximal observed decrease
in the orbital frequency is about 35%, and in the maximal radial frequency about 50%.
We conducted our numerical study in the so-called slow rotation approximation, which however is suitable for
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FIG. 5: The maximal radial epicyclic frequency as function of the mass of the models in massive STT with self-interaction for
different combinations of the mass of the field mϕ and the self-interaction parameter λ (in different patterns and colours). Left:
β = −6 and right: β = −10.
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FIG. 6: The nodal precession frequency as function of the mass of the models in massive STT with self-interaction for different
combinations of the mass of the field mϕ and the self-interaction parameter λ (in different patterns and colours). Left: β = −6
and right: β = −10.
most of the observed rotation rates. We found that in this approximation for rotational frequency f = 160 Hz (this is
the highest rotation rate we have studied) the radius of ISCO decreases with about 4 % compared to the static case
in all studied cases (theories and combinations of parameters). The deviations for the rest of the studied quantities
are from the same magnitude. Although this deviations are comparable with some of the deviations due to the
modification of the theory, we tend to believe that even the static case is good approximation, which may allow us
to constrain the parameters for which the higher deviations are observed.
It is worth mentioning that for the case with lower value of beta we studied (β = −10) we observed a non-
monotonic behavior in the deviation fromGR with some of the parameters. This is direct result from the fact that the
mass of the models at which ISCO appears changes with the parameters in the theory, and it may be lower or higher
compared to the GR case, but it eventually converge to GR.
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